In this paper, we characterize the secure convex dominating sets in the lexicographic and Cartesian products of two connected graphs and then determine the corresponding secure convex domination numbers of these graphs.
Introduction
Let G = (V (G), E(G)) be a connected simple graph and v ∈ V (G). The neighborhood of v is the set N G (v) = N (v) = {u ∈ V (G) : uv ∈ E(G)}. If S ⊆
V (G), then the open neighborhood of S is the set N G (S) = N (S) = ∪ v∈S N G (v). The closed neighborhood of S is N G [S] = N [S] = S ∪ N (S). A subset S of V (G) is a dominating set of G if for every v ∈ (V (G)\S)
, there exists x ∈ S such that xv ∈ E(G), i.e., N [S] = V (G). The domination number γ(G) of G is the smallest cardinality of a dominating set of G.
A nonempty subset S of V (G), where G is any graph, is a clique in G if the graph G[S] = S induced by S is complete. A clique S in G is a clique dominating set if it is a dominating set. It is a secure clique dominating set in G if for every u ∈ V (G) \ S, there exists v ∈ S ∩ N G (u) such that (S \ {v}) ∪ {u} is a clique dominating set in G. The secure clique domination number of G, denoted by γ scl (G), is the smallest cardinality of a dominating set in G. A secure clique dominating set having cardinality equal to γ scl (G) is called a γ scl -set of G.
Let x, y ∈ V (G) 
I(x, y). S is convex if
I[x, y] ⊆ S for any x, y ∈ S, i.e., I G [S] = S. A dominating set S which is also convex is called a convex dominating set of G. The convex domination number γ con (G) of G is the smallest cardinality of a convex dominating set of G.
A convex dominating set S of V (G) is a secure convex dominating set of G if for each u ∈ V (G) \ S, there exists v ∈ S such that uv ∈ E(G) and the set (S \ {v}) ∪ {u} is a convex dominating set of G. The minimum cardinality of a secure convex dominating set of G, denoted by γ scon (G), is called the secure convex domination number of G.
Convexity in graphs has been discussed and studied in [1, 2, 3, 4, 5] . On the other hand, convex domination in graphs has been defined and studied in [4, 6, 7] .
Results

The lexicographic product G[H] of two graphs G and H is the graph with
. The G-projection and H-projection of C are, respectively, denoted and given by C G = {x ∈ V (G) : (x, a) ∈ C for some a ∈ V (H)} and
We shall be needing the following result in our next characterization.
Theorem 2.1 [4]
Let G be a connected graph and n ≥ 2. Then a subset
The proof of the following result is immediate from the definition of convexity.
Lemma 2.2
Let G be a connected graph, S a nonempty subset of V (G), and
Theorem 2.3
Let G be a connected graph and n ≥ 2. 
, where x 1 = z, x n = w, and
, contrary to the fact that it is a convex dominating set. Therefore, v ∈ S \ I(S ∪ {y}), showing that condition (ii) holds.
For the converse, suppose that conditions (i) and (ii) hold. Then by Theorem 2.1, C is a convex dominating set in
Then by (ii), there exists v ∈ S \ I(S ∪ {y}) such that either |T v | ≥ 2 and S ∪ {y} is a convex dominating set or |T v | = 1 and (S \ {v}) ∪ {y} is a convex dominating set. Suppose |T v | ≥ 2 and S 1 = S ∪ {y} is a convex dominating set. Pick any q ∈ T v and let
Observe that since S is convex and y / ∈ S, y / ∈ I(S). Hence y / ∈ I(S 1 ). Thus, since v / ∈ I(S 1 ) also, we find that C 1 satisfies the conditions in Theorem 2.1. Therefore C 1 is a convex dominating set. If |T v | = 1 and (S \ {v}) ∪ {y} is a convex dominating set, then the set
Corollary 2.4 Let G be a connected graph and n ≥ 2. Then
Since S was arbitrarily chosen, the desired result follows. Proof. Suppose G has a secure clique dominating set. Then clearly, γ(G) = 1. Since G is incomplete, there exist a, b ∈ V (G) such that ab / ∈ E(G). Thus, {a} and {b} cannot be dominating sets. This implies that none of the singletons in G is a secure clique dominating. Therefore γ scl (G) ≥ 2. Next, let S be a secure clique dominating set of G. Let x, y ∈ S and set S * = {x, y}. Since S is a clique dominating set, S * is also a clique dominating set. Let z ∈ V (G) \ S * . If z ∈ V (G) \ S * , then xz ∈ E(G) and (S * \ {x}) ∪ {z} = {y, z} is a clique dominating set. Thus, S * is a secure clique dominating set and the desired result follows.
Lemma 2.6 Let G be a non-complete graph and let S be a non-singleton clique dominating set in G. If S ∪ {u} is a clique dominating set in
Since S ∪ {u} is a clique (dominating set), (S \ {z 0 }) ∪ {u} is a clique. Moreover, since S \ {z 0 } = ∅, it is a dominating set. Thus, (S \ {z 0 }) ∪ {u} is a clique dominating set in G. Therefore, since u ∈ V (G) \ S was arbitrarily chosen, S is a secure clique dominating set in G.
Theorem 2.7 [6] Let G and H be connected non-complete graphs with
γ cl (G) = 1. Then a proper subset C = x∈S [{x} × T x ] of V (G[H]
) is a convex dominating set in G[H] if and only if (i) S is a clique dominating set in G with |S| ≥ 2 and T x is a clique in H for each x ∈ S, or (ii) S is a dominating set in G with |S| = 1 and T x is a clique dominating set in H for x ∈ S.
Theorem 2.8 Let G and H be connected non-complete graphs. Then a proper subset
C = x∈S [{x} × T x ] of V (G[H]
) is a secure convex dominating set in G[H] if and only if (i) S is a secure clique dominating set in G with |S| ≥ 2 and T x is a clique dominating set in H, where T x is a secure clique dominating set for each x ∈ S with |T x | ≥ 2, or (ii) S is a dominating set in G and T x is a secure clique dominating set in H whenever S = {x} for some x ∈ V (G).
Proof. Suppose C is a secure convex dominating set in G [H] . Suppose first that |S| ≥ 2. Then, by Theorem 2.7, S is a clique dominating set in G and T x is a clique in H for each x ∈ S. Now let u ∈ V (G) \ S and pick any t ∈ V (H). Since C is a secure convex dominating set, there exists (w, r)
} is a convex dominating set. Since the G-projection of C 2 is S 2 = S ∪ {u}, it follows from Theorem 2.7 that S ∪ {u} is a clique dominating set in G. Since u was arbitrarily chosen, S is a secure clique dominating set by Lemma 2.6. Next, let x ∈ S. Suppose T x is not a dominating set in H. Then there ((x, d) ). This contradicts our assumption that C is a secure convex dominating set. Thus, T x is a (clique) dominating set in H. Suppose |T x | ≥ 2 and let p ∈ V (H) \ T x . Since C is a secure convex dominating set,
by Theorem 2.7(i), T x ∪ {p} is a clique in H. Since T x is a dominating set, it follows that T x ∪ {p} is a clique dominating set. Since p was arbitrarily chosen, it follows from Lemma 2.6 that T x is a secure clique dominating set in H. Thus, statement (i) holds. Suppose S = {x} for some x ∈ V (G). Then by Theorem 2.7, S is a dominating set in G and T x is a clique dominating set in H. Since H is non-complete,
. It follows from Theorem 2.7 that (T x \ {c}) ∪ {d} is clique dominating set in H. Thus, T x is a secure convex dominating set in H, showing that statement (ii) holds.
For the converse, suppose that C satisfies (i) or (ii). By Theorem 2.7, C is a convex dominating set in G [H] . Let (y, a) ∈ V (G[H]) \ C and consider the following case: Case1: Suppose y ∈ S.
Suppose first that S = {y}. Then by assumption, T y is a secure clique dominating set in H. Hence, there exists b ∈ T y ∩ N H (a) such that (T y \ {b}) ∪ {a} is a clique dominating set in H. ((y, a) ) and (C \ {(y, b)}) ∪ {(y, a)} = {y} × ((T y \ {b}) ∪ {a}) is a convex dominating set by Theorem 2.7. Suppose |S| ≥ 2. If T y = {p}, then T y is a clique dominating set by assumption and (y, p) ∈ C ∩ N G [H] ((y, a) ). Since T * y = {a} is a clique and T x is a clique for all x ∈ S \ {y}, it follows from Theorem 2.7 that
Then T y is a secure clique dominating set in H. Hence, there exists q ∈ T y ∩ N H (a) such that (T y \ {q}) ∪ {a} is a clique dominating set in H. Hence, by Theorem 2.7, (C \ {(y, q)}) ∪ {(y, a)} is a convex dominating set in G [H] . Case2: Suppose y / ∈ S. If S = {x} for some x ∈ V (G), then T x is a secure clique dominating set by assumption. Further, since H is a non-complete graph, |T x | ≥ 2 by Lemma 2.5. Pick t ∈ T x . Since S is a dominating set, (x, t) ∈ C ∩ N G [H] ((y, a) ).
is a convex dominating set by Theorem 2.7. If |S| ≥ 2, then S is a secure clique dominating set by assumption. Hence, there exists z ∈ S ∩ N G (y) such that (S \ {z}) ∪ {y} is a clique dominating set. Choose ((y, a) ). Let C = (C \ {(z, d)}) ∪ {(y, a)} and let S = C G . Let T w = T w for each w ∈ S \ {z}, T z = T z \ {d}, and T y = {a}. If |T z | = 1, then T z = ∅ and S = (S \ {z}) ∪ {y}. Since S is a clique dominating set and T v is a clique for all v ∈ S , C is a convex dominating set by Theorem 2.7. If |T z | ≥ 2, then S = S ∪ {y}. Again, by Theorem 2.7, C is a convex dominating set in G [H] .
Accordingly, C is a secure convex dominating set in G [H] .
The next result follows from Theorem 2.8 and Lemma 2.6. ((v, a) ), it follows that C is not a secure convex dominating set in G H, contrary to our assumption. Thus, C 1 = V (G). Accordingly, C = V (G) × V (H).
Corollary 2.9 Let G and H be connected non-complete graphs. Then
γ scon (G[H]) =                    2, if γ(G) = 1
Corollary 2.12
Let G and H be non-trivial connected graphs of orders m and n, respectively. Then γ scon (G H) = mn.
